An integral formulation for acoustic radiation in moving flows is presented. It is based on a potential formulation for acoustic radiation on weakly non-uniform subsonic mean flows. This work is motivated by the absence of suitable kernels for wave propagation on non-uniform flow. The integral solution is formulated using a Green's function obtained by combining the Taylor and Lorentz transformations. Although most conventional approaches based on either transform solve the Helmholtz problem in a transformed domain, the current Green's function and associated integral equation are derived in the physical space. A dimensional error analysis is developed to identify the limitations of the current formulation. Numerical applications are performed to assess the accuracy of the integral solution. It is tested as a means of extrapolating a numerical solution available on the outer boundary of a domain to the far field, and as a means of solving scattering problems by rigid surfaces in non-uniform flows. The results show that the error associated with the physical model deteriorates with increasing frequency and mean flow Mach number. However, the error is generated only in the domain where mean flow non-uniformities are significant and is constant in regions where the flow is uniform. 
Introduction
Predicting noise radiation from complex sources in moving flows is relevant to the automotive, energy and aeronautical industries. Noise radiation from turbofan nacelles and from other aircraft sources is a problem of particular interest in the aviation sector. Numerical simulation of noise radiation and scattering can significantly reduce costs for design and certification. However, an efficient numerical method for high frequency noise propagation on nonuniform moving flows has not yet been demonstrated. Solving high frequency short wavelength problems on moving flows remains computationally expensive. In the aeronautical industry, noise propagation on non-uniform flows is typically predicted using finite element methods (FEM) [1] , discontinuous Galerkin methods (DGM) [2] and high order finite difference schemes [3] .
Although volume based methods, such as FEM, DGM and finite difference schemes are able to solve wave propagation on a non-uniform flow, predicting noise radiation in unbounded domain requires the computational domain to be truncated. The truncation of the domain allows acoustic waves to be damped in a non-physical absorbing zone [3, 4, 5] and satisfy the radiation condition at the outer boundary of the domain. Moreover, these methods suffer of dispersion error and pollution effects [6] . These features are relevant limitations in case of noise radiation for large-scale short-wavelength problems.
On the other hand, numerical methods based on boundary integral formulations, such as the boundary element method (BEM) [7] , inherently satisfy the radiation condition in the kernel and allow wave propagation in unbounded domains to be solved more effectively than in the case of volume based methods. Moreover, the fast multiple BEM (FMBEM) is an efficient algorithm to solve wave radiation and scattering for large-scale shortwavelength problems [8] . However, BEM can only solve wave propagation exactly on uniform mean flows. Extending this method to non-uniform flow regions would be beneficial to a number of applications, such as forward fan noise acoustic installation effects. A surface integral formulation including non-uniform flow effects would also extend the applicability of wave extrapolation methods. These approaches use an integral formulation defined on a closed surface on which the acoustic field is sampled from an 'inner' domain to radiate the solution to the far field. At the moment these methods are limited to uniform flow [9, 10] .
Current boundary element modelling practices use the Lorentz transfor-mation [11, 12] to solve wave propagation on a uniform mean flow. This variable transformation allows the uniform flow Helmholtz equation to be reduced to the standard Helmholtz problem without approximations. By means of a Lorentz transformation, BEM solvers for the standard Helmholtz equation can therefore be used for wave propagation on uniform flows. However, due to the variable transformation, the physical space is deformed in the direction of the mean flow. The deformation of the domain complicates the formulation of the boundary conditions and the implementation of the transmission conditions for coupled formulations [13, 14] . Alternatively, this drawback can be overcome by using an integral formulation in the physical space as proposed by Wu and Lee [15] in the frequency domain and by Hu [16] in the time domain. For BEM, only approximate formulations are available for representing non-uniform mean flow effects. Astley and Bain [17] provided an approximate formulation for wave propagation on low Mach number mean flows based on Taylor's transformation [18, 19] . In the same work, Astley and Bain [17] reported an error analysis for Taylor's wave equation showing that the accuracy of the physical model depends only upon the mean flow Mach number and the characteristic length scales of the acoustic waves and the mean flow. On the other hand, Tinetti and Dunn [20] provided a generalized local Lorentz transformation to represent the effect of non-uniform mean flows on wave propagation. However, the method has been restricted to mean flow fields with small gradients. Another approach is to move the terms including nonuniform flow effects to the right hand side of the equation and treat them as sources in the domain. The dual-reciprocity method (DRM) [21] is then used to convert the domain integrals into boundary integrals. The absence of a robust method to define interpolating source functions for the DRM restricts the applicability of this approach. Thereby, modeling non-uniform flow effects for BEM is still an open problem.
In this article, we present, in the physical space, an integral formulation with non-uniform flow based on a combination of the physical models associated with the Taylor and Lorentz transformations. The proposed physical model is an approximate formulation of the full linearized potential wave equation for isentropic compressible flows. The integral formulation derived applies to sound radiation on a weakly non-uniform potential mean flow. Consider the mean flow as a sum of a uniform and a non-uniform component which vanishes at infinity. The term weakly non-uniform indicates that the non-uniform portion of the mean flow is small compared to the uniform part. A free field Green's function is also determined for a subsonic weakly non-uniform flow as a kernel for the integral equation. Moreover, an error analysis is presented to extend and to revisit the estimate provided by Astley and Bain [17] . This analysis shows the dependency of the error related to the physical model on the mean flow Mach number and on the frequency. The proposed formulation will be shown to improve the accuracy of the model compared to existing formulations based on either Taylor or Lorentz transforms being applied separately. The paper is structured as follows. Section 2 presents the physical models. In Section 3 integral formulations are derived for wave propagation on weakly non-uniform mean flows and the Taylor formulation in the physical space. The Green's functions associated with the integral formulations are derived in Section 4. Boundary element formulations consistent with the proposed integral solutions are presented in Section 5 for an arbitrary source distribution. In Section 6, a dimensional error analysis is developed to describe the limitation of the proposed solutions. Finally, in Section 7 some numerical results are presented to benchmark the integral formulations.
Physical model
A numerical solution to external noise radiation and scattering of a sound field from a source S in a domain Ω by a body ∂Ω in a non-uniform potential subsonic mean flow is sought (see Fig. 1 ). Consider an inviscid, adiabatic and irrotational flow and assume that acoustic perturbations are of small amplitude compared with the steady mean flow. Under these hypotheses, wave propagation on a non-uniform mean flow can be described by means of a potential formulation [22] as,
whereφ is the acoustic velocity potential and D 0 /Dt = ∂/∂t + u 0 ·∇ ∇ ∇ denotes the material derivative over the mean flow; ρ 0 is the mean flow density, c 0 the speed of sound and u 0 the mean flow velocity. Consider Bernoulli's equation
where c ∞ and u ∞ are the speed of sound and the mean flow velocity vector in the far field. By means of Eq. (2) and introducing the state equation,
Eq.
(1) reduces to:
Equation (1) is rewritten as Eq. (4) to allow a dimensional analysis to be performed. Mayoral and Papamoschou [23] , following Astley and Bain [17] , have provided a description of the dependency of the terms in Eq. (4) on the mean flow Mach number M ∞ = u ∞ /c ∞ , the acoustic characteristic length scale L A and the characteristic length scale of the mean flow L M . On this basis, Eq. (4) is simplified retaining only terms
Assume that L A ≤ L M and M ∞ 1. Then consider the mean flow formed by a uniform component u ∞ and a non-uniform portion u 0 . The main idea is to retain only first order effects in u 0 over wave convection due to u ∞ . If u 0 = u ∞ + u 0 , where u 0 u ∞ and if it is assumed that the uniform mean flow velocity u ∞ is aligned with the positive x-axis, Eq. (5) reduces to:
Hereafter, Eq. (6) is referred to as the wave equation for weakly non-uniform potential flow.
In the case of a uniform flow, where u 0 ≡ u ∞ at all points in the flow, Eq. (6) reduces to the uniform flow wave equation without approximation,
If the mean flow is uniform, solutions of Eq. 
In all that follows, Equation (8) is referred to as the Taylor wave equation, because it is consistent with the solution based on the Taylor transformation [17, 18] . It is an approximation of order M ∞ of Eq. (1) accounting for a non-uniform mean flow. If a time harmonic problem in which all perturbed quantities varies as e iωt is considered, the acoustic velocity potential in the frequency domain can be defined asφ = φe iωt where φ is a complex amplitude. In the Fourier domain Eqs. (6) , (7) and (8) By assuming a harmonic time dependence forφ, Eq. (6) can be rewritten
where M 0 is the mean flow Mach number vector, k = ω/c ∞ , and M ∞ is the uniform flow Mach number, provided that M ∞ = (M ∞ , 0, 0). First, the reverse flow operator associated with Eq. (9) is defined considering a mean flow in the opposite direction of the actual flow field to give
Following the general approach of Wu and Lee [15] , a Green's function G for the fundamental reverse flow operator Eq. (10) satisfies
where x p is an arbitrary field point, x denotes the point source location and δ is the Dirac delta function. The Green's function G represents the effect of a point source in a non-uniform flow whose direction is opposite to the actual base flow. G therefore differs from the Green's function of the direct fundamental operator and is derived in Section 4.
To obtain an integral formulation for the weakly non-uniform potential flow Helmholtz equation, Eq. (9) is multiplied by G and Eq. (11) by φ. Subtracting these two equations and integrating over the domain Ω yields
The divergence theorem is applied to the l.h.s. of Eq. (12) in order to obtain an integral on the boundary surface of the domain ∂Ω. Consistent with the assumptions already made in the derivation of Eq. (6), some terms of higher order in M ∞ will be neglected. Consider the linear term in M 0 in Eq. (12),
Since [17] ∇
where M 0 = M 0 , is of the same order as M 3 ∞ , and since high order terms in M ∞ have already been neglected in Eq. (6), the second term on the r.h.s of Eq. (13) can be dropped, giving
where n is the normal unit vector to ∂Ω (see Fig. 1 ). Hence, Eq. (12) can be rewritten as
where n x is the x−component of the normal vector to the boundary surface. As shown by Wu and Lee [15] the contribution of the boundary integral at infinity is zero provided that φ(x) and G 0 (x p , x) satisfy the Sommerfeld radiation condition with flow. Equation (16) applies to any point x p internal to the domain Ω. On the other hand, for any point on the boundary surface ∂Ω, a limit approach [7] should be used to overcome the singularity of the integral formulation, which is integrable in the sense of Cauchy's principal value. The following equation extends the uniform flow solution of Wu and Lee [15] and is derived in Appendix A,
whereĈ
and G 0 (x p , x) is the Green's function associated with the static operator defined in Appendix A. In summary, Eq. (17) provides a boundary integral formulation for wave propagation on weakly non-uniform potential mean flows. It models first order non-uniform mean flow effects on wave propagation. The accuracy of the formulation depends on the deviation of the non-uniform flow M 0 on the uniform component M ∞ . Equation (17) is exact for wave propagation over a uniform mean flow and equivalent to the formulation presented by Wu and Lee [15] for a uniform flow. It reduces to the standard Helmholtz integral equation as M 0 → 0.
Taylor-Helmholtz equation
For the Taylor-Helmholtz equation,
an integral solution in the frequency domain is sought. The Green's function for the reverse flow operator associated with the above equation is denoted by G T , where
G T differs from G and is derived subsequently in Section 4 using a different set of assumptions consistent with a solution in the Taylor transformed space. Equation (19) is obtained from Eq. (9) 
Equation (21) is written for a generic point internal to the domain Ω. However, the integral becomes singular on the boundary surface [7] ∂Ω. On ∂Ω the singularity is integrable in the sense of the Cauchy's principal value.
Following the procedure showed in Appendix A, a limit approach to the boundary surface is performed. In this case, the static operator associated to Eq. (20) is the Laplacian,
The static operator is the same as for the standard Helmholtz problem. Therefore, the Cauchy principal value integral, obtained in this case, is the same as for the standard Helmholtz equation [7] . By defining
where
and R is the distance between the source and the observer, the following integral solution is obtained:
Green's function for weakly non-uniform mean flows
The Green's function of the reverse flow operator, Eq. (11), is derived by means of a variable transformation. To determine G, a Lorentz transformation [11] is applied following a Taylor transformation [18] of the fundamental reverse flow problem,
whereĜ = Ge iωt . In the Taylor-Lorentz space, Eq. (24) reduces to the standard Helmholtz problem. Since the fundamental solution of the Helmholtz operator is well-known [7] , the Green's function in the physical space, G, is retrieved by applying the inverse Taylor-Lorentz transformation to the Green's function in the transformed domain.
First, a Taylor transformation is applied including the non-uniform flow component u 0 to Eq. (24) . The independent variables are transformed as
where Φ 0 (x) is the mean flow velocity potential corresponding to the nonuniform flow part u 0 , X = (X, Y, Z) and T denote the Taylor space-time,
whereas (x, y, z, t) denote the physical space-time. The differential operators in the Taylor space are then given using the chain rule as
where M 0 = u 0 /c ∞ . Using the above equation, Eq. (24) can be rewritten in the Taylor space:
Note that the Taylor (14)). Hence, neglecting higher order terms in M 0 consistent with Eq. (6), Eq. (27) can be approximated by
Equation (28) is nothing but the convected wave equation in the Taylor space. Assuming a uniform mean flow aligned with the x-axis but opposite to the actual direction of the mean flow M ∞ , apply a Lorentz transformation [11, 12] . The independent variables are transformed as,
whereX = (X,Ỹ ,Z),T denote the Taylor-Lorentz space-time and
The differential operators can be written as:
Equation (30) 
The l.h.s. of the above equation is the standard wave operator in the TaylorLorentz space and is independent of the mean flow. Since a steady state problem is considered, Eq. (31) is rewritten in the frequency domain. The Lorentz transformation introduces a time contraction defined by the factor β ∞ which, in turn, becomes a frequency dilation. In particular, the angular frequency in the Taylor-Lorentz space isω = ω/β ∞ . On the other hand, the Taylor transformation introduces only a time delay. Therefore, Eq. (31) can be rewritten as,
wherek =ω/c ∞ . For free field boundary conditions, the solution of Eq. (32), given by the monopole source solution, is
whereR = X2 +Ỹ 2 +Z 2 . Equation (33) is reformulated in the physical space, where a harmonic solution G(x, t) = G(x)e iωt is sought. An equivalent harmonic solution in the Taylor-Lorentz space is given by G(X,T ) = G(X)e iωT . Applying the inverse Taylor-Lorentz transformation to the independent variables in G(X,T ) yields
Equations (34) and (35) give an explicit expression for the Green's function on the basis of Eq. (33), i.e.,
The above equation is extended to a generic source position (x s , y s , z s ), by writing
∞ is the generalized reverse flow phase radius, extending the definition given by Garrick and Watkins [24] , and
is the amplitude radius.
In the case of a uniform flow, Eq. (37) is equivalent to the solution provided by Wu and Lee [15] . On the other hand, for the reverse flow Taylor Green's function G T , the terms depending on M 2 ∞ are neglected in Eq. (37). It follows
and Φ 0 denotes the total mean flow velocity potential.
Boundary element formulation
Consider the weakly non-uniform potential flow Helmholtz equation, Eq. (9), with a generic distribution of harmonic sources g(x) in the domain Ω
Following the same procedure adopted in Section 3.1, Eq. (11) is multiplied by φ and Eq. (39) by G. The difference of these equations integrated over the domain Ω is rewritten using the divergence theorem to givê
where G = G(x p , x) and φ = φ(x) unless stated otherwise, x ∈ ∂Ω and x p is an arbitrary point either in Ω or on ∂Ω. In the above equation M 0 and n are given along the boundary surface ∂Ω (see Fig. 1 ).
Equation (40) can be solved numerically by means of a collocation BEM [15] . Alternatively, a variational formulation [25] can be defined. The major downside of a variational statement is the increase in computational cost due the double integration over the boundary surface. A collocation formulation is provided below.
First
where τ and η denote the coordinates along the unit tangent vectors τ and η on ∂Ω, such that the normal vector to the boundary is given by n = η × τ . Substituting Eq. (41) into Eq. (40) yields:
Equation (42) is convenient from a computational point of view because the tangential derivative can be expressed as a sum of the shape functions multiplied by the nodal values of φ as shown by Wu and Lee [15] . Secondly, the above equation is discretized introducing a polynomial expansion of the acoustic velocity potential and its derivatives [15] 
where N r (x) represents the r-th polynomial shape function and NDoF is the total number of degrees of freedom. Hence, the discrete system of equations associated with Eq. (42) can be written as
G(x p,l , x) is given in Eq. (37) and x p,l denotes the p-th collocation point. The vectors of the nodal degrees of freedom associated with the acoustic velocity potential and the acoustic particle velocity are denoted respectively as φ φ φ and ∂φ φ φ/∂n. Similarly, for the integral formulation associated with the Taylor transformation, Eq. (40) can be approximated by neglecting terms of order M 2 ∞ . Hence, using the Green's function G T yields:
The above equation can then be discretized using Eq. (43), but the derivation is omitted for the sake of brevity.
Error estimate
The weakly non-uniform potential flow wave equation, Eq. (6), is an approximation of the full potential linearized wave equation Eq. (1) accurate to the first order in M 0 . It is an exact formulation only for wave propagation on a uniform mean flow. This section presents a dimensional error analysis of the weakly non-uniform potential flow wave equation compared to the full potential linearized wave equation. If L A and L M are respectively the characteristic length scales associated with the acoustic field and with the mean flow field, Eq. (1) can be expressed in the frequency domain as follows:
wherẽ
In Eq. (6) 
where [φ] is the characteristic dimension of φ.
To correctly bound the error brought by the solution of Eq. (17), a combined Taylor-Lorentz transformation is applied to Eq. (50). In the transformed space, φ and G are exact solutions of the Helmholtz problem and the fundamental Helmholtz operator. Following the procedure described in Section 4 to obtain Eq. (31), but considering the actual flow direction, Eq. (50) is transformed as follows:ω
whereÊ
Note that the above equation is a hybrid formulation. The termÊ is given in the Taylor-Lorentz space, whereasẼ is provided in the physical space and all of the other terms on the r.h. 
Hence, the error associated with the weakly non-uniform potential flow wave equation Eq. (54) can be written aŝ
where C 1 , C 2 , .., C 9 are constants of order 1. From Eq. (56), the errorÊ scales with 1/L A = f /c ∞ where f is the frequency. In terms of mean flow length scale, the error varies with 1/L M . The error therefore decreases as the mean flow becomes more uniform. The error vanishes in a uniform flow (M 0 = 0). In other words, the accuracy of the formulation deteriorates only for wave propagation in a non-uniform region.
The error ε on the solution φ to Eq. (53) is obtained by convolvingÊ with the Green's function G, i.e.,
In the Taylor 
The error ε 1 increases linearly with frequency. However, if L A R M is constant, i.e. if the amplitude radius is inversely proportional to the wavelength, the error becomes independent of frequency. This applies also to all the remaining terms in Eqs. (52) and (55) except for the error terms of order 1/L 2 A . In this case, the last term of Eq. (52) generates an error, ε 2 , in Eq. (57) that is given by
Note that the above equation scales quadratically with frequency. The contribution of this term is significant only at high frequency. Equations (58) and (59) can also be rewritten introducing the geometrical and acoustic relative distances of the observer, i.e. R M /D and R M /L A , as
Small values of R M /D denote the geometrical near field whereas large values of R M /D are associated with the geometrical far field. Similar definitions can be given for the acoustic field on the basis of R M /L A . The above equations show that, when sound propagates in a non-uniform flow, the error decreases in the geometrical far field but increases in the acoustical far field. Contours of ε 1 and ε 2 on a logarithmic scale are shown in Figs. 2a and 2b . The present error analysis can be extended to 2D problems, where G scales with 1/ √ kR M , but it is not explicitly reported here for the sake of conciseness. The same conclusion holds for the Taylor-Helmholtz formulation. However, the error increases even when wave propagation occurs on a uniform flow. This is because the Taylor-Helmholtz equation is also an approximation of the uniform flow convected Helmholtz equation, namely the errorÊ does not vanish in a uniform flow region.
Benchmark problem
In this section, numerical examples are provided to assess the accuracy of the boundary integral solution to the weakly non-uniform potential flow Helmholtz equation Eq. (9) First, the integral formulations are used to solve a 'wave extrapolation' problem where an 'inner' solution is obtained on an arbitrary closed surface in the flow and extrapolated to the far field by using the proposed integral formulation. Second, a traditional boundary element (BE) solution is presented. The scattering of a sound field by a rigid body is computed at all points external to the scatterer up to the boundary surface. In this study, the numerical issue associated with irregular frequencies in the BE solution is overcome by avoiding the characteristic frequencies of the scatterer.
The scattering by a rigid cylinder of radius a of the acoustic field generated from a monopole point source in a non-uniform mean flow is used as the basis for both the test cases. A full 2D problem is solved. The analytical solution of a potential inviscid incompressible mean flow around a cylinder without circulation is used to define the base flow and a monopole point source of unit magnitude is defined at a point S. The problem is solved in an unbounded domain for far field Mach numbers in the range 0.0 → 0. [5] is applied to model the radiation condition. The PML is located at r = 10a. Due to the approximation of the source model and the radiation condition, an error, measured against an analytical solution [26] , of 0.05% at the outer surface of the computational domain is assessed to be provided by the FE solution in the case of quiescent media.
Wave extrapolation test case
The first test case consists of a monopole point source located at x s = (0, −1.5a) as shown in Fig. 3 . In this case, the integral formulation is used to extrapolate the solution to the far field. First, the reference FE solution of the full potential linearized Helmholtz equation solves radiation and scattering of a monopole source by the cylinder with a non-uniform flow in the inner domain Ω in . Second, the reference solution is sampled on a closed control surface ∂Ω in , including the cylinder and the source, and radiated to the far field Ω out by means of an integral formulation. In the current instance ∂Ω in is located at a radial distance r cs = 2a. The maximum value of M 0 on ∂Ω in is M ∞ /4. The order of interpolation of the integral solution on Ω in is consistent with the finite element model. The FE reference solution is also used as benchmark in the far field. First, the error generated by the integral solution associated with the weakly non-uniform potential flow Helmholtz equation against the reference FE solution is calculated. The L 2 error is defined as
where Γ f p denotes a closed circular arc of field points (see Fig. 3 ). The L 2 error for the acoustic velocity potential is shown in Fig. 4 plotted against the Helmholtz number ka on a circular arc of field points with radius r f p = 8a. Note that the error is computed considering the physical distance of the observer R in lieu of the amplitude radius R M since for M ∞ ≤ 0.3 the maximum difference between R and R M is about 5% of R. The variation of the L 2 error for φ against M ∞ is shown in Fig. 5 whereas the sensitivity of the L 2 error on the distance to the observer is shown in Fig. 6 . In the latter, the error is computed on circular arcs of radii r f p equal to 6a, 8a and 10a for ka = 4.25. Note that the mean flow is almost uniform at these distances from the cylinder. To further assess the accuracy of the integral formulation for the weakly non-uniform potential flow Helmholtz equation, the computation of the L 2 error for φ against M ∞ is also performed for the formulation of Wu and Lee [15] A description of the local accuracy provided by the three integral formulations is presented in Fig. 8 , which illustrates the pressure directivity at r f p = 8a for ka = 9.24 and M ∞ = 0.3 plotted against the angle θ, where θ = 0 corresponds to the x-axis and θ is measured counterclockwise. The acoustic pressure is given by The accuracy of the proposed integral formulation Eq. (17) decreases linearly with frequency (see Fig. 4 ) and Mach number M ∞ (see Fig. 5 ), whereas the error is almost constant when wave propagation occurs on a uniform mean flow (see Fig. 6 ) since the integral formulation associated with the weakly non-uniform potential flow Helmholtz equation is exact for a uniform base flow. These results validate the error analysis of Section 6.
Moreover, the integral formulation based on the weakly non-uniform potential flow Helmholtz equation provides the best accuracy independently of frequency and Mach number compared to the solution obtained using the integral formulations for the uniform flow Helmholtz and the TaylorHelmhotlz equations (see Fig. 7 ). The non-uniform flow effects in the weakly non-uniform formulation improve the prediction made compared to the uniform flow Helmholtz equation. The Taylor formulation however performs poorly and is less accurate than the uniform flow formulation which assumes uniform flows at all points. The problem with the Taylor equation is that the error grows even in the uniform flow region whereas the uniform and the weakly non-uniform flow models are exact once this domain is reached.
Boundary element test case
In this section, the accuracy of the boundary integral formulation for the weakly non-uniform potential flow Helmholtz equation is assessed by considering a direct BE solution of Eq. (42), solving for the surface acoustic velocity potential on the cylinder due to a sound field from a point source (see Fig. 9 ). The integral formulation is used to represent wave radiation and scattering up to the boundary surface, where the non-uniform mean flow component M 0 is of the same order of magnitude as M ∞ . The cylinder with radius a is centered at the origin of the reference frame and a monopole source is located at x s = (−2a, −2a) as shown in Fig. 9 . The error in the solution is calculated against the reference FE solution. A cubic Lagrangian BE interpolation with 10 DoFs/λ is used to solve the integral equations. The dependency of the L 2 error for φ against the non-dimensional frequency at a circular arc of field points with radius r f p = 4a is illustrated in Fig. 10 . Again, note that the error is computed considering the physical distance of the observer, denoted previously as R, in lieu of R M since for M ∞ ≤ 0.3 the maximum difference between R and R M is about 5% of R. Figure 11 shows the sensitivity of the L 2 error for φ to the distance of the observer sampling the error on circular arcs where the flow is almost uniform, for a non-dimensional frequency ka = 5.
A comparison of the accuracy of the different integral solutions is also shown in Figs. 12a, 12b and 12c where the L 2 error for φ is computed at an arc of field points with radius r f p = 4a for the weakly non-uniform potential flow Helmholtz equation, the uniform flow Helmholtz equation [15] (Fig. 13a) clearly approximates the full potential FE solution (Fig. 13b) more accurately than the uniform flow Helmholtz solution (Fig. 13c) . This is more evident if the sound source is in a region where the mean flow is strongly non-uniform, as shown in Fig. 14 , where the same problem as in Fig. 9 is solved locating the monopole point source at x s = (−1.3a, −0.5a). For the weakly non-uniform potential flow Helmholtz equation the error varies linearly with frequency (see Fig. 10 ) and with M 2 ∞ (see Fig. 12 ). The error is independent of the observer distance when it is sampled on a region where the flow is almost uniform (see Fig. 11 ) because the formulation is exact for a uniform flow, namely no additional error is generated as the field point radius increases. These results validate further the error analysis of Section 6.
As in the previous test case, the weakly non-uniform flow Helmholtz formulation outperforms both the uniform flow Helmholtz and the Taylor- 
Concluding remarks
A novel integral formulation for sound radiation on non-uniform mean flows has been proposed. It provides an approximate solution of the full potential linearized Helmholtz equation by assuming a weakly non-uniform potential mean flow. A Green's function, describing non-uniform flow effects on wave propagation, was derived for potential subsonic mean flows. The key advantage is that the Green's function and subsequent integral equation are presented in the physical space. The integral formulation is exact for wave propagation on a uniform flow and the error generated in the non-uniform flow region remains constant when wave propagation occurs on a uniform flow. This distinguishes the current approach from the Taylor transforma- tion integral formulation applied by a number of previous researchers in computational Aeroacoustics [17, 19, 23] .
A comparison with the Taylor integral formulation and the integral solution for the uniform flow Helmholtz equation (Lorentz formulation) has been presented. First, an analysis based on wave extrapolation on a non-uniform flow was performed. In this case, the condition that M 0 M ∞ was satisfied at all points outside the integral surface. For the weakly non-uniform potential flow Helmholtz solution the error varies linearly with M ∞ and is proportional to the frequency f . The new approach performs better than the Taylor formulation in which the error varies as M In a second test case the acoustic field was solved up to the solid scattering surface by means of a full BE approach. On the boundary surface itself M 0 is of the same order of magnitude of M ∞ , pushing to the limit the underlying assumption of the formulation of the analysis M 0 M ∞ . An error analysis on the integral solution based on the weakly non-uniform potential flow Helmholtz equation shows that the L 2 error is proportional to M 2 ∞ and varies linearly with f . A consistent improvement in accuracy is achieved against the integral solutions based on uniform mean flows and on the Taylor-Helmholtz equation for a non-uniform flow. A significant advantage of the current weakly non-uniform potential flow Helmholtz solution over the uniform flow Helmholtz solution is evident at low Mach numbers, where for instance a reduction of 50% of the error is observed at M ∞ = 0.1.
In the limit of → 0 the Green's function in Eq. (11) tends to the Green's function of the static operator [15] G 0 . The static operator associated with Eq. (11) is given by
3)
The solution of the equation above for a free field problem gives G 0 (x p , x) = 1/(4πR M ). Wu and Lee [15] have shown that the integral on the hemisphere of radius can be rewritten on the boundary surface ∂Ω as follows:
G(X,T ) = G(X)e iωT . The inverse Taylor-Lorentz transformation is applied to the above equation retrieving the Green's function in the physical space, as described in Section 4, where R 2D = (x − x s ) 2 + (y − y s ) 2 .
